We propose a ridesharing strategy with integrated transit in which a private on-demand mobility service operator may drop off a passenger directly door-to-door, commit to dropping them at a transit station or picking up from a transit station, or to both pickup and drop off at two different stations with different vehicles. We study the effectiveness of online solution algorithms for this proposed strategy. Queueingtheoretic vehicle dispatch and idle vehicle relocation algorithms are customized for the problem. Several experiments are conducted first with a synthetic instance to design and test the effectiveness of this integrated solution method, the influence of different model parameters, and measure the benefit of such cooperation. Results suggest that rideshare vehicle travel time can drop by 40-60% consistently while passenger journey times can be reduced by 50-60% when demand is high. A case study of Long Island commuters to New York City (NYC) suggests having the proposed operating strategy can substantially cut user journey times and operating costs by up to 54% and 60% each for a range of 10 to 30 taxis initiated per zone. This result shows that there are settings where such service is highly warranted.
Introduction
Collaborations between public transport agencies and private transport operators present a huge potential for leveraging the obstacles of using mobility-on-demand (MoD) services (Murphy and Feigon, 2016) . The basic form of collaboration is for MoD services to cover the first and last mile segments of a passenger trip. This is becoming increasingly popular, as shown in Table 1 (e.g. Quadrifoglio and Li, 2009 ; Wang and Odoni, 2016; Djavadian and Chow, 2017; Guo et al., 2017; Shen et al., 2018) . These initiatives suggest such partnerships can provide better connectivity and improve the efficiency and flexibility of the coexisting fixed-route transit service. However, the basic structure does not coordinate the multimodal segments of a passenger's trip. There is no integrated optimization of vehicle dispatch and repositioning of idle vehicles with transit stations to provide an integrated, multimodal trip. This second, more sophisticated, collaborative structure between the MoD operator and transit agency is shown in Fig. 1 , where the presence of public transport creates a broader array of options for using rideshare: rideshare from door-to-door (R), rideshare-to-transit-to-rideshare (RTR), rideshare-to-transit-to-walk (RTW) or vice versa (WTR). The passenger gets a seamless service option in which a single fare is paid, likely at a much more discounted rate than if they were dropped off door-to-door by the operator (especially if the distance is far enough and well-served by an existing transit system). The transit system gets higher ridership and can serve riders that may typically be discouraged by the high last mile access costs. Lastly, the operator saves on operating costs for transporting along a path that is already well served by existing transit system capacity.
Some integrated trip planning tools exist to provide multimodal trip information to passengers (e.g. TriMet in Portland, and only for certain modes like biking and transit, TriMet News, 2012) but there is no integrated dispatch and fleet management algorithm. We hypothesize that the benefits of integrated service are highly dependent on dynamic operations, and therefore can benefit from the introduction of dynamic, anticipatory algorithms that consider look-ahead. But how much would such algorithms benefit such an operational strategy? What algorithmic designs make the most sense in an integrated setting?
Two primary contributions are made in this study. First, we propose and design a new rideshare service strategy that provides end-to-end service while leveraging transfers to/from coexisting transit networks. Second, we modify and test different designs of state-of-the-art anticipatory dispatch and relocation algorithms integrated to work together in this system. Computational experiments are conducted in synthetic instances as well as in a large-scale case study of the Long Island Railroad (LIRR) accessing New York City (NYC) to provide insights on how to select algorithm parameters to obtain effective results. To be clear, the focus of this study's contribution is on evaluating different online algorithms that most effectively operate our proposed ridesharing strategy. As such, we neglect some of the user costs that may exist in real implementation: e.g. crowding costs, inconvenience of transfers, differences in schedule reliability for rideshare versus transit, consideration of weather effects, among others. While this means the absolute performance measures may be noisy, the relative comparison of the measures between different algorithms should remain consistent. This is not a demand evaluation study since the operational strategy does not currently exist in practice from which the required data can be sampled.
Literature Review
The proposed methodology draws on research from dynamic fleet optimization: dispatch, routing, and relocation in the context of MoD services. It also contributes to the research in coexisting transportation systems for multimodal travel.
Different studies have been conducted on private service operations in the presence of public transit systems. Chow and Sayarshad (2014) proposed a symbiotic framework for network design problems in proximity to different transportations networks. Mobility-as-a-Service (MaaS) (Djavadian and Chow, 2017; Hensher, 2017) is an emerging paradigm where multiple mobility operators and technology providers work together to help a traveler realize their trip, even if it may involve multiple modes or made on-demand. Martinez and Viegas (2017) studied the impact of using a shared self-driving system using an agent-based method. The simulation is done in the presence of a metro system. The study is a demand evaluation of such a strategy, not a comparison of algorithmic design study.
In dynamic MoD systems, decisions are made over time and demand is not known in advance. Most studies of this type focus on uni-modal vehicle dispatching and routing policy design on road networks (Furuhata et al., 2013; Sayarshad and Chow, 2015) . Different exact and approximation methods have been proposed for solving static and dynamic dial-a-ride problems (DARP) (Braekers et al., 2014; Jaw et al., 1986; Parragh et al., 2008; Kirchler and Wolfler Calvo, 2013; Liu et al., 2014) . Among dynamic routing and dispatch, some studies have considered non-myopic or anticipative strategies (e.g. Bent and Van Hentenryck, 2004; Thomas, 2007; Ichoua et al., 2006; Hyytiä et al., 2012; Sayarshad and Chow, 2015) . These studies generally consider a system in isolation from other operators.
To anticipate future states of the system and make optimal routing decisions, a Markov decision process provides a theoretical framework to model DARP policies under a stochastic setting (Howard, 2007) . Determining the expected value requires full specification of future states of the system, which becomes an intractable problem. Several approximation methods have been proposed as "approximate dynamic programming" (ADP) methods (Secomandi, 2001; Ulmer, 2017) . However, these approximation methods tend to be limited to one or two step look-ahead (see Sayarshad and Chow, 2015) . Hyytiä et al. (2012) proposed an infinite horizon approximation of the expected value of future states of the system to solve the DARP. It has been shown the non-myopic vehicle dispatching and routing policy can effectively reduce overall operating cost and customers' riding time (Hyytiä et al., 2012; Sayarshad and Chow, 2015) , although poor performances can also be observed in some cases (Chow and Sayarshad, 2016) . The non-myopic vehicle dispatching policy is to assign a vehicle with updated post-decision route * based on minimizing the additional insertion cost of a new request among all practically nearby vehicles, considering an approximation of the future cost as a M/M/1 queue delay (Hyytiä et al., 2012) in Eq. (1) .
where * is a new tour after inserting a new request and ( , ) is a cost function for vehicle operating tour and shown in Eq. (2) .
where ( , ) is the length (measured in time) of tour and ( , ) is the journey time (waiting time plus in-vehicle travel time) for passenger among the set of passengers assigned to vehicle . ( , ) is related to system cost. ∑ ( , ) ∈ is related to customers' inconvenience. The parameter is a conversion coefficient between customer cost and system cost while is the degree of look-ahead parameter: when = 0, the methodology becomes purely myopic (Hyytiä et al., 2012) . The tour length function ( , ) and tour state are obtained by solving a traveling salesman problem with pickups and drop-offs (TSPPD). One can apply state-of-the-art heuristics for that portion (Agatz et al., 2012; Parragh et al., 2010; Parragh and Schmid, 2013) . Numerical studies show that using the non-myopic vehicle dispatching approach can effectively reduce total system operation cost and average customers' riding time (Hyytiä et al., 2012; Sayarshad and Chow, 2015) compared to myopic dynamic dispatch and routing.
Another important issue is related to the idle vehicle relocation problem as it presents a considerable running cost for shared mobility systems (Sayarshad and Chow, 2017; Vogel, 2016) . This issue has drawn increasing attention in recent years for shared mobility systems (Bruglieri et The idle vehicle relocation problem can also be divided into myopic and non-myopic methods. Yuan et al. (2011) used taxi trajectory data to design a recommendation system for taxi drivers and customers to reduce searching/waiting time of each driver/rider. For a non-myopic idle vehicle relocation policy, Sayarshad and Chow (2017) proposed a queueing-theoretic approach for real-time optimal idle vehicle relocation. The result shows that the non-myopic approach can significantly decrease system operating costs in comparison to myopic approaches using New York taxi data. Other studies suggest using the queueing-theoretic model to rebalance idle vehicles (Zhang and Pavone, 2016; Spieser et al. 2016) or modeling idle vehicle rebalancing with continuous approximation (Pavone et al., 2012; Li et al., 2016) . Like with the dynamic routing literature, the non-myopic studies, as highlighted in this review, tend to focus on single operator systems absent of other operators.
A subset of the static and dynamic MoD literature deals with last mile access to transit services. Liaw et al. (1996) considered a bimodal dial-a-ride problem and proposed a linear mixed integer programming model to find optimal vehicle routes and schedules for paratransit service. The non-myopic optimal idle vehicle relocation model of Sayarshad and Chow (2017) is recalled as follows. The problem is considered as a multiple server location problem under stochastic demand. We rebalance the locations of idle vehicles given stochastic demand such that total rebalancing operation cost, customers' inconvenience (travel time) and an infinite horizon future cost of serving customers (modeled as a queue delay) are minimized. Let the entire service region be divided into a set of zones ̅ . The idle vehicle rebalancing is executed at the beginning of each relocation time interval, i.e. a couple of minutes. The objective is to assign idle vehicles between zones at each relocation epoch ℎ. 
Subject to:
, ≥ 0, ∈ +
The objective function minimizes customer access time to idle vehicles and total idle vehicle relocation cost. Eq. (4) requires that customers at zone be served by only one idle vehicle. Eq. (5) is an order constraint which states the (m-1)-th idle vehicle is relocated before m-th idle vehicle. Eq. (6) is a queue intensity constraint that requires no more than b other customers waiting on a line with a probability more than service reliability . The higher the value of , the lower the queue delay allowed for customers. Eq. 
The queue delay is used as an approximation of future costs in a non-myopic context. If we relax Eq.
(6) the model becomes myopic. The above idle vehicle relocation is integrated in the operating policy design of ridesharing system with transit transfers in the next section.
Proposed non-myopic dynamic vehicle dispatching and routing policy for ridesharing with transit transfers
The problem is modeled on a complete graph ( , ), where is a set of nodes and is a set of links. Each node represents either a transit station ∈ , a pick-up/drop-off point of ride requests ∈ , or a zone centroid where a vehicle may position itself ∈ , = ∪ ∪ . Travel time is the shortest path travel time from node to node . A ride request is characterized by its pick-up location, drop-off location, and desired pick-up time. For each node ∈ , the policy assumes request arrivals follow a Poisson process with arrival rate with the set of all passengers denoted as . Let , ∈ , denote the realized average service rate of vehicles of zone i, which is calculated over a time interval as total customers served divided by total in-vehicle time of the served customers.
For example, during a 10-minute relocation interval, there are three passenger drop-offs with pickup at zone i. If the time of vehicle drop-off minus time of vehicle pickup for those 3 passengers end up being 15 minutes, 10 minutes, and 20 minutes, the average for that 10-minute interval is 3 passengers/45 minutes. To avoid oscillating estimation of between relocation time intervals, we use a three-step moving average method to adaptively learn over time. The service rate depends on the operator's dispatch and routing policy, arrival rate of customers and vehicles' positions.
The operation of the system is set as follows. The operator uses a fleet of homogeneous capacitated vehicles = { 1 , 2 , … , | | } to serve ride requests; the set of passengers assigned to a vehicle is . A dispatching center makes decisions according to its operating policy for vehicle dispatching and route planning. Following past studies (Hyytiä et al., 2012; Sayarshad and Chow, 2015) , we assume there is no time window constraints associated with the requests. All customers' requests need to be served. One can either extend the proposed method by including such constraints (e.g. Jaw et al., 1986; Berbeglia et al., 2010; Alonso-Mora et al., 2017) to consider customer inconvenience or demand elasticity.
The operator determines dispatch and routing decisions for real-time trip requests (1) using operating vehicles only (direct trip) or by (2) using both operating vehicles (as last mile feeders) and fixed schedule Public Transport (PT) services. For the latter case, we assume there are at most two intermodal transfers for a customer's origin-destination trip. No transfer is allowed between two different rideshare operating vehicles as is the case in Liaw et al. (1996) . In this case, a customer's initial request is divided into three segments: a pre-transit trip (from origins to an entry station of PT system), an in-transit trip (from an entry stations to an exit stations), and a post-transit trip (from an exit station to a customer's destination). Each pre-transit trip or post-transit trip can be supported by either one individual vehicle or by foot, depending on its travel time. Travel time estimation of in-transit trips is based on the PT service schedules. For simplicity, the capacity constraint of PT vehicles is not considered in this study since the scope is to evaluate different algorithmic designs for implementing the proposed strategy. Modelling transit congestion effect with integrated demand side choice behavior consideration can be considered in future demand evaluation studies for a chosen algorithm.
The integrated problem and solution framework are highlighted in Fig. 2 . The strategy is initiated by one of three different events. Each time a new passenger makes a request, the system runs a dynamic dispatch that considers the option of loading customers onto the transit system, using a proposed algorithm defined as P1. P1 considers three possible options: a) 'rideshare only' (direct trip), b) 'rideshare-transit-walk (and vice versa)', and c) 'rideshare-transit-rideshare'. The 'rideshare-transitrideshare' does not commit another vehicle for the post-transit trip immediately; if that option is chosen, the expected cost of using rideshare in the post-transit trip is incorporated into the options in P1. A passenger assigned this option would increase the demand at the exit station for the expected arrival time. When the passenger arrives at the exit station, the system runs another dispatch algorithm then as a 'rideshare only' to drop off the passenger to the final destination. The 'rideshare only' option is solved using an algorithm from Hyytiä et al. (2012).
Fig. 2. Integrated strategy with functional components (rectangles) and initiating events (gray rounded rectangles)
Vehicles that have completed their service become idle. A relocation problem, P2, is solved for all idle vehicles at the start of each relocation time interval (e.g. 10 minutes) to determine optimal zones to assign them. The non-myopic idle vehicle repositioning algorithm is based on Eqs. (3)- (16) .
The proposed integrated algorithm considers both a non-myopic vehicle dispatching policy and a non-myopic idle vehicle relocation policy to reduce overall system operating cost and customers' travel time. We use the re-optimization-based insertion algorithm (Mosheiov, 1994) to solve the TSPPD to obtain ( , ) and for Eq. (3). This algorithm first finds a minimum-cost Hamiltonian tour for all drop-off locations of customers and then inserts pick-up locations one-by-one with cheapest cost in the Hamiltonian tour by satisfying precedence constraints and vehicle capacity. The Christofides heuristic (Christofides, 1976 ) is used to find an initial tour of the pickup locations. A 2-opt local search (Croes, 1958) is applied to improve the solution quality.
P1: Non-myopic vehicle dispatching and routing algorithm for rideshare with transit transfers
The performance and characteristics of the underlying algorithms within P1 and P2 are discussed in Hyytïa et al. (2012) and Sayarshad and Chow (2017) , respectively. P1's computational complexity is related to the underlying TSPPD problem to sequence a vehicle over a set of assigned passengers. The algorithm P1 is a heuristic that obtains a solution in polynomial time and has been shown to perform well. Algorithm P2 incorporates a MIP solver for a p-median problem. P-median problems are NPcomplete; with fixed values of P they can be solved in polynomial time (Garey and Johnson, 1979; Owen and Daskin, 1998) . The MIP solver used in this study is the mixed-integer linear programming solver 'intlinprog' from Matlab. For larger examples, alternative p-median heuristics can be employed, like the algorithm from Teitz and Bart (1968) . 
where and are the x-coordinate and y-coordinate of pick-up points s within zone i. is the arrival rate at . Note that we update the coordinates of each zone center over relocation epochs to adapt demand variation in space and time.
Compared to the earlier studies on developing dispatch and relocation models, this current study addresses several new, non-trivial challenges which we summarize here. First, the passenger path travel time involves estimating travel times for multiple legs (origin to station, station to station, station to destination) under different combinations. This needs to be searched efficiently using k-shortest paths and draw from transit network schedules and wait times. Second, the dispatch operates off arrivals while the relocation operates off predefined epochs. Dispatch also occurs between stations and pickup/dropoff locations whereas relocation is conducted at a zonal level that needs to be determined/updated. The discrepancy in time and spatial units needs to be reconciled when combining the two algorithms, which means that we need to build up a whole simulation from scratch to run this strategy and test different parameters. The learning of the arrival and effective service rates are conducted in an online setting. As an integrated service, we can control other constraints like imposing maximum number of transfers (two) so in our case our solution allows for a range of four types of options provided to users: rideshare-only, RTR, RTW, and WTR.
Numerical experiments

Experimental design
To test the effectiveness of the proposed ridesharing service with transit transfers, we conduct a series of numerical tests on a small instance. Two experiments are designed for this instance.
A) The first experiment considers rideshare only (no transit collaboration) to validate the methodology, compare its performance against varying degrees of myopic strategies, and to evaluate the sensitivity of the strategy to different parameters.
B) The second experiment considers possible cooperation of rideshare and transit service to assess the impact of headways of transit vehicles on the system performance.
We consider two alternative idle vehicle relocation policies aside from P2: (1) a "waiting policy" where an idle vehicle stays at their current position until a new dispatch is assigned to it; (2) a "busiest zone policy" where an idle vehicle moves to the busiest zone center (i.e. with highest customer arrival rate in average) with a probability of receiving at least one customer at the busiest zone higher than a threshold (Larsen et al., 2004) . The probability of receiving new customers in a Poisson process with intensity is calculated as Eq. (18).
A user-defined threshold related to the alternative 2 is specified to decide the relocation decision of idle vehicles as shown in Eq. (19) .
where ( ≥ 1) = 1 − − is the probability of receiving at least one customer at the zone j. The threshold is a random variable drawn from the range of (0.5,1] to generate stochastic relocation decisions. The stochastic relocation decision reflects drivers' heterogeneous behavior in terms of willingness to reposition.
Simulation for evaluation
We create a discrete event simulation to test the proposed integrated operational policy. Scheduled transit time tables and transit vehicle runs are implemented to evaluate customers' waiting times at transit stations. A 2-hour customer arrival period following the Poisson distribution and uniformly distributed in the study area is considered. The simulation is executed in MATLAB using a Dell Latitude E5470 laptop with win64 OS, Intel i5-6300U CPU, 2 Cores and 8GB memory. The test instance is publicly available on the following data library: https://github.com/BUILTNYU. The pseudocode of the simulation is described as follows. 
Test instance
We consider a region on a plane bounded by (-10,-10)×(10,10), representing a 20 km × 20 km area shown in Fig. 3 . The entire region is divided into 16 identical relocation zones with each zone of 5-km in length and width. Customers are assumed to arrive randomly following the Poisson process. The rideshare operator uses a fleet of identical capacitated vehicles for real-time MoD service requests. All vehicles are initiated at the center depot (0, 0) (a warmup period is used to position the vehicles more naturally).
A simple transit network is overlaid with the solid blue lines that includes 89 transit stations. Transit routes are set to be operating on both directions with pre-defined headways between transit vehicles.
The reference parameters used in the simulation are listed in Table 2 . Two performance metrics are used to measure the performance of the proposed methodology: mean travel time of vehicles (system operating cost) and mean journey time per passenger (customers' inconvenience). Note that the journey time of customers is the time difference between their arrival time and drop-off times. 
Result
We study the influence of the key parameters and customers' arrival intensity on the performance of the system and validate the proposed methodology. We vary the values of these parameters and define the test scenarios as follows.
• Customer arrival intensity: two situations corresponding to low and high arrival intensity are tested:
= 100 and 400 customers/hour. • is related to the degree of look-ahead in vehicle dispatching, which needs to be calibrated in order to find an adequate value (Hyytiä et al., 2012) . We test three sets of data points of to limit computational cost to find a good value of , i.e. ̅( , ) , The result on the influence of different system design parameters on system with rideshare only is reported in the Appendix.
Having established the baseline performance of the nonmyopic algorithms in the test instance, we assess the benefit of introducing transit transfers on the system performance with different headways as shown in Table 3 . Based on the simulation, the smaller the transit headway, the higher the ratio of customers with transit transfer options. The rideshare-transit cooperation can effectively reduce operation cost with significantly lower vehicle traveled miles (-47.0% for = 100 and -54.6% for = 400 in the case of 5-minute headway of transit) and lower user journey time (-60.5% for = 400 scenario with a 5-minute headway of transit). This is because for high arrival customer intensity there is the synergy effect of dropping off/picking up customers at the same stations. It is like the concept of meeting points to enhance the efficiency of first/last mile pick up or delivery in a ridesharing system (Stiglic et al., 2015) . For the rideshare-transit option, WTR/RTW are the main adopted options. It represents 63%-77.5% for the scenario of = 100, and 45%-54.5% for the scenario of = 400. On the other hand, the ratio of RTR is marginal (around 6% or less) due to its higher operating cost for the first and last mile connecting rides.
As shown in Table 3 , some of the passengers can end up waiting a long time in some of the scenarios. Since the purpose of this study is to compare costs under different algorithmic designs, we do not impose additional wait time constraints at this stage. For implementation purposes, an operator should estimate passenger demand functions and add in maximum wait time thresholds as appropriate.
By adding PT to create new service options, the improvement vastly outperforms the improvement seen from only adopting non-myopic algorithms (up to 60% reduction in user journey times for "nonmyopic + PT" on top of the 2-3% reduction from just "non-myopic"). These tests confirm that integrating rideshare with PT holds tremendous potential. A case study is needed to evaluate the performance of the same algorithm using realistic demand, transit, and network data.
NYC and LIRR case study
The case study is designed to answer the following research questions using realistic travel demand data: • How much better can a system with transit transfers outperform rideshare-only system when operating non-myopic versus myopic algorithms, under different congestion levels? • Under what conditions is rideshare with integrated transit preferred, and within those conditions when are RTW/WTR preferred over RTR? • By incorporating transit transfers, how much does the effective service capacity increase? • How do we use the algorithm to plan for service expansions?
Data
The aim of this case study is to assess the benefit of the integrated operating policy in the NYC metropolitan region, specifically for commuters traveling to/from Long Island to NYC as shown in Fig.  4 . This setting is ideal for the proposed policy because the distance is too far for door-to-door rideshare service. For the demand data, we use 2010-2011 Regional Household Travel Survey of New York metropolitan area conducted by the NYMTC Metropolitan Planning Organization (NYMTC, 2018). The data shown in Fig. 4 corresponds to all the trips made between 7:00-9:00AM regardless of their mode; the experiment assumes all these trips are potential shared taxi pickups and drop-offs to compare between "rideshare only" to the proposed strategy. For LIRR service, we use a frequency of 20-minute headway for all the stations.
We exclude Bronx and Staten island from the study area as they are not directly accessible via LIRR. The studied area is divided into 72 zones (i.e. ̅ with is the zone centroid of zone z) based on the State Legislative Districts and five counties: Suffolk (LI), Nassau (LI), Queens (NYC), Kings (NYC), and New York (NYC). Note that Brooklyn is officially called Kings County, while Manhattan is officially called New York County. For context, the 2010 population of the three NYC counties (New York, Queens, Kings) is 6.3M and for the two Long Island counties (Suffolk, Nassau) it is 2.8M. A summary of the customer arrival patterns into the system (i.e. departure times) from each of the five counties in the Household Travel Survey samples is shown in Fig. 5 . Customer arrival intensity during morning peak hours varies considerably, especially for Queens and Brooklyn. Trips are made between all the counties; assuming there is a rideshare service for these five counties, the fleet will have to split its time between serving direct trips for some (primarily NYCto-NYC county trips) and providing last mile service for other multimodal trips. Parameters for the simulation and models are summarized in Table 4 . We test three scenarios with increasing fleet size, i.e. 720, 1440, and 2160 vehicles, which correspond to 10, 20 and 30 vehicles initiated in each zone. The key parameters and are calibrated to be effective for the proposed methodology. Remarks: 1. ̅ ( , ) is mean vehicle travel time without considering transit-rideshare cooperation. 2. Vehicle speed is set up based on the taxicab data during 7:00-9:00 a.m. used in this study.
Parameter calibration
We first calibrate some key parameters for the proposed methodology of vehicle dispatching and idle vehicle relocation. To make the proposed method effective, we need to first decide warming-up period to avoid unnecessary relocation at the beginning period of the service. Note that idle vehicles in transition are not allowed to pick up new customers for the case study. Moreover, the decision related to idle vehicle relocation intervals needs to consider travel time between zone centers for rebalancing vehicles. As the fleet size is large in the application, we consider = 20 nearest vehicles for new requests for the non-myopic vehicle dispatching policy (Eq. 1). All vehicles are initially located at each zone centers instead of a centralized depot.
We set the idle vehicle relocation interval as 15 minutes as it is an approximate travel time to reach a neighbor zone. The warming-up period is tested up to 40 minutes to assess its impact on the performance of the system. As shown in Table 5 , using a warm-up time of 40 minutes produces the most effective results in terms of customers' inconvenience and operation cost. To ensure an effective relocation policy, we calibrate over a range of values between 0 and 80. The result is shown in Table 6 . A = 20 has the best performance over different fleet sizes. When comparing the performance with that of the benchmark, the proposed methodology reduces considerable operation cost with higher average journey time per passenger in highly congested cases, i.e. 10 vehicles per zone. When increasing the fleet size, the proposed idle vehicle relocation becomes less effective.
Results: Increase in effective service capacity
We analyze the benefit of transit and rideshare collaboration with respect to different fleet sizes from 10 to 30 vehicles per zone. Table 7 reports the performance of the system with rideshare only and the proposed strategy, where reduction in costs are desired. First, for the system with rideshare only we see when increasing the fleet size from 10 to 20 vehicles per zone, the mean passenger journey time and the mean vehicle travel time decreases 54.3% and 52.2%, respectively. When further increasing the fleet size to 30 vehicles per zone, its marginal benefit in reducing passenger journey time reduces to -14.8% only. The marginal passenger journey time reduction is not proportional to that of fleet size increase. When assessing the benefit from rideshare and transit collaboration, passengers' journey time and system operating cost are substantially reduced. For the scenarios of 10 vehicles per zone, the average passenger journey time is reduced by 54.3%. The mean vehicle travel time is reduced 60.2%. If we change the fleet size to 20 vehicles per zone, the mean journey time reduces to 41.2 minutes. Compared to the system with rideshare only, the benefit of rideshare-transit option is still substantial: -32.1% in mean passenger journey time and -63.7.1% in mean vehicle travel time for the scenario of 20 vehicles per zone.
When further increasing the fleet size to 30 vehicles per zone, the benefit in reducing mean passenger journey time is still significant (-19.6%) and the mean vehicle travel time is cut by 62.1%. These are significant savings: increasing fleet size from 10 to 30 vehicles per zone reduces average rideshare-only user journey time (waiting and riding time) from 133 minutes to 51.7 minutes while reducing average vehicle trip length from 440.5 minutes to 146.7 minutes. Having the transit option further reduces those numbers: 133.0 to 60.8 minutes (for 10 vehicles/zone) and 51.7 to 41.6 minutes (for 30 vehicles/zone) for the user journey time, and 440.5 to 175.2, and 146.7 to 55.7 for the average vehicle trip length.
We conduct several other comparisons on spatial distribution under the proposed strategy for the fleet size of 1440 vehicles. Fig. 6 reports the evolution of , and average number of idle vehicles per zone over time for the system with rideshare only and the system with transit transfers. We found average vehicle service rate and average number of idle vehicles per zone are much higher for the system of rideshare with transit transfers. The comparison generally concludes that by having the transit option, the fleet is spending less time making long distance trips serving customers. This is indicated by Fig. 7  and 8 , where the average number of idle vehicles per zone over each 15 minute interval is much lower when there's only rideshare compared to the case with transit access, for the same fleet size. The average number of idle vehicles per zone per 15 minutes is 2.47 for the system with rideshare only. However, this number increases to 12.48 for the system with rideshare-transit option. This quantifies the effective capacity that having the shared transit adds to the rideshare service. Intuition suggests having RTR trips might increase user journey time due to added transfers. This is not the case, however. By having the rideshare service focus on providing first/last mile trips instead of direct door-to-door trips, the fleet of vehicles are made available more often. This means that the presence of the PT network provides the MoD service with an effective boost in capacity. This capacity boost is equivalent to a multiplier of In Fig. 9 , the rideshare only scenario leads to very few available vehicles for rebalancing during the 2-hour simulation period since they end up making long trips. Instead, the rebalancing mostly occurs in Manhattan. Fig. 10 shows that with having transit capacity accounted for, there is more capacity to work with when considering rebalancing needs as the average trip served is also significantly shortened. The average passenger trip per vehicle is doubled from 0.85 to 1.61 (passengers/vehicle/hour) for the scenario of 10 vehicles per zone. The gains in terms of average passenger trip per vehicle become +39.7% (+28.8%) for the scenarios of 20 (30) vehicles per zone.
The impact of these shorter trips is visualized in Figs. 11 and 12 . In Fig. 11 , the rideshare only trips tend to result in much longer lines overall; in Fig. 12 , the availability of transit service capacity reduces the collective lengths of trips. Table 8 reports the ratio of customers using rideshare only and both rideshare and transit service. There is around 57.9 -62.9% using rideshare only option. The RTW option takes up 31.0 -36.8% for the scenarios. The WTR and RTR represent less than 5% each. The share of people taking the ridesharing as a last mile (WTR) is small compared to RTW because the morning time period studied has most trips coming from Long Island to NYC and not the other way around. As a result, the first-mile in Long Island benefits much more from having rideshare access than the last mile in Manhattan. This split reflects the demand patterns and the underlying PT network structure. As shown in the synthetic example earlier the distribution can be very different. In Table 9a , the percentage of WTR, RTW and RTR for each of the OD counties are shown. The trips between Brooklyn and Manhattan do not use transit because the LIRR is not designed to provide coverage between those two counties. On the other hand, the transit-rideshare option makes sense for LI commuters going to NYC. These results show that there are settings where bimodal service is highly warranted.
Results: Demand distributions
Cumulative probability distributions of trips with rideshare only and those with transit option under the 20 vehicles per zone setting are reported in Fig. 13 . We see using bimodal option reduces passengers' journey time for a certain distance range (in this example, between 30 to 300 minutes) for which having transit service becomes more advantageous compared to rideshare only. 
Results: Service coverage expansion decision support
One more analysis is conducted for service coverage. Suppose a ridesharing service had to consider between expanding to either Suffolk County or to Nassau County. A simulation of demands coming from or going to each county as a separate scenario is conducted. The demand between NYC and the two counties is shown in Table 10 . We test three scenarios with 500, 1000 and 1500 vehicles, corresponding with 10, 20 and 30 vehicles per zone over 50 zones in the studied area of NYC. To meet the demand from the extension area, 10% of vehicle fleet are initially deployed at the zone centers of the extension area, corresponding approximately to the demand from/to Suffolk County (8.9%) and Nassau County (14.6%). The parameter and the simulation setting are kept the same. Table 11 -12 shows that extending the service from NYC to Suffolk County or to Nassau County for the system with rideshare only would significantly increase the mean passenger journey time and mean vehicle travel time for all scenarios (+62.6% in JT and +59.1% in VTL for NYC<->Suffolk scenario with 500 vehicles, system with rideshare only, for example). The impact of extending service coverage on JT and VTL becomes less significant for the system with rideshare-transit option (with less overall JT and VTL increase). Extending the service coverage to Nassau County would be more appealing compared to the extension to Suffolk County due to its lower VTL (90.0 v.s. 92.8 minutes and 61.5 v.s. 65.0 minutes for fleet size 1000 and 1500 vehicles), given its higher additional customers (+1392 v.s. +794). There is a slight increase (+0.34%~1.31%) in mean passenger journey time when extending the service to Nassau County or Suffolk County by considering the transit-rideshare with a fleet size of 1000 or 1500 vehicles. The result concludes extending the service to Nassau County is preferred. Remark: R: system with rideshare only, RT: system with rideshare-transit options
Conclusions
In this study, we argue that integrating MoD fleet management (dispatch, rebalancing) with the use of a PT network can be substantially more beneficial. This benefit is further enhanced by the careful design of anticipative algorithms to handle dispatch and relocation. Whereas first/last mile algorithms in the literature only consider linking customers with a PT station, the proposed system is flexible and considers the user's complete trip from door to door with a range of options: rideshare only, ridesharetransit-rideshare, and rideshare-transit-walk (and vice versa). This is the first study to propose integrated dynamic dispatch and idle vehicle relocation algorithms to provide door-to-door multimodal service in the presence of a PT network. The algorithm for the policy is based on modifications of existing nonmyopic queueing-theoretic algorithms in the recent literature.
A number of insights were gained from the computational experiments conducted using synthetic and realistic data instances.
• Cost savings can be substantial and benefit both users and operators, although the amount of benefit varies by type of network and demand patterns of the users. The bimodal operation can still provide significant improvements even when non-myopic algorithms do not do well in the unimodal instance. For example, the nonmyopic relocation algorithm for rideshare-only option does not make any significant improvements in the LIRR case study. However, the transit-rideshare system outperforms the rideshare-only system by 32% reduction in user journey time and 64% vehicle travel time for a 20-vehicle per zone fleet. • While cost savings for the operator are intuitive, the savings for users are less so since they now have to wait for transit as part of their trip. The savings come from the reduction of the MoD trip lengths (28% for LIRR case study) which result in having increased fleet available to serve customers so that their average wait times for MoD service are significantly reduced. In total, there is an effective increase in the capacity of the MoD service of 4.05 when linking with the PT network for the LIRR case study. • The users of the expanded service options are quite heterogeneous. In the LIRR case study, approximately 60% of the users would just stick with rideshare-only option, while 34% use RTW/WTR options, and 5% use RTR. The proposed algorithm provides users with all these options and allows us to identify high return opportunities. An example of this is illustrated with a hypothetical scenario of expanding to either Nassau or Suffolk County, where the algorithm is used to provide decision support. Extending the service coverage to Nassau County is preferred.
The study does have shortcomings. User costs are not quantified in terms of their perceived costs (for example, that transfer time is valued more than in-vehicle time, which can also differ between rideshare time and transit vehicle time) since such data is not available for a strategy that has not yet been implemented in practice. As discussed in the introduction, we chose to keep simpler assumptions to have a more straightforward comparison of algorithms on the supply side. Demand evaluation of the system therefore remains an open research question that needs to be addressed.
For future extensions, one can study an efficient algorithm to solve large-scale idle vehicle relocation problem with a grid-like zoning system. The recent work by Sayarshad and Chow (2017) showed some promising result. Another research area is the extension of the dynamic bimodal ridesharing algorithm to the bimodal ridesharing system using electric vehicle or autonomous vehicles. In this setting, vehicle charging scheme and charging station constraints (availability and capacity constraints for example) need to be integrated in vehicle's routing and dispatching decisions. Finally, integrating customer choice behaviour modeling in MoD system operation policy design and revenue management could address the interactions of system performance and customer's acceptance of using the system. 
Influence of
We vary the value of from 0 to 4 to assess its influence on the performance of the system. The result is shown in Fig. A2 . For low customer arrival intensity case, has little impact on the system performance. However, for high customer arrival rate, influences the effectiveness of the idle vehicle relocation. Using ≥ 1.2 can reduce mean passenger journey time (-7.1%) and mean operation cost (-2.6%) compared to the benchmark (no idle vehicle relocation). The result suggests that the value of needs to be calibrated to make vehicle rebalancing effective. 
Impact of different idle vehicle relocation policy
We compare the proposed idle vehicle relocation policy P2 with three other alternatives. To show how customer arrival rate, service rate and idle vehicle availability (number of servers) influence the performance of relocation policy, we set up four experiments with different customer arrival rates, ranging from 50 to 400 customers/hour. The results are shown in Table A2 and Fig. A3 . When travel demand is not too high (i.e. = 50 and = 100) with idle vehicles available for rebalancing, the nonmyopic relocation policy performs better than the other relocation policies (upper part of Table A2 ). However, when customer arrival rate is too high (i.e. = 200 and = 400), all vehicles become busy after 20 minutes ( = 200) and 40 minutes ( = 400) (see lower part of Fig. A3 ), resulting in similar system performance when different relocation policies are applied (see lower part of Table A2 ). Note: Idle vehicles in transition to its assigned zone are allowed to pick up new customers. 
Influence of idle vehicle en-route switching policy
We further compare the performance of en-route switching policy for idle vehicles in transition to its relocated zones. Two policies are compared: the first one allows in-transition idle vehicles to pick up new customers. The second one doesn't allow en-route switching behavior when repositioning. We test on the non-myopic relocation model with increasing arrival intensity, the result shows allowing en-route switching to pick up new customers when idle vehicles in transition can reduce system operation cost. 
